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History of Fractional Differentiation

We start our problem with the linear function f(x) = x and ask the
question what is the nth derivative of the function.

D"x

Dx"

" An apparent paradox, from which one day useful consequences will be
drawn.” -Gottfried Wilhelm Leibniz 1695
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Nth order Derivative

Deriving the nth order derivative of f(x) = (x — a).

!

f(x) = k(x —a)kt

£ (x) = k(k — 1)(x — a)*2

Nth Derivative of the function f(x) = (x — a)*

k=) (1)
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Gamma Function

The Gamma Function is an extension of the factorial function, defined by
this integral.

r(t) = / xt~le ™ dx
0

Important results

F(n)=(n—1)! WhenneZ F(%):\/E r(%_|_n)_ 2n!

M(k +1)

H00p) = e F(k—n+1)

v
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Beta Function and the Beta-Gamma Relation

Blx,y) = /01 PNl - ) Tt

In order to show the Beta-Gamma Relation, | will introduce 2 Gamma
functions multiplied together.

F(x)r(y):/ e“qudu/ e v ldv
0

0
rx)r(y) = / e Ui 1w Ldudv
0 0
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Changing Variables and the Jacobian

In order to change variables in any scenario, the Jacobian must be
introduced. The Jacobian is the determinant consisting of the partial
derivatives of the new functions. If the Jacobian is non-zero, the change of
variables can be executed. Take for example. v = u(&,n), x = (§,7), and

y=1(&n)

szl ={ & 8 L= (6m) - (n6) £0
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The Beta-Gamma Relation

Changing variables u=f(z,t)=zt, v=g(z,t)=z(1-t)

[T (y) = / 0 / 2(26L(z(1 — )Y (z, £)|dtdz

') 1
)= / 0 /t:o e (2t M (z(1 — 1))t zdtdz

Josh Needleman Introduction to Fractional Differentiation March 31, 2016 8 /23



THe Beta Gamma Relation

00 1
[T (y) = / el [ e e
z—= t=

F()M(y) =T(x+y)B(x,y)

Finally we arive at our desired relation.

The §,I' Relation

B) = ) @
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The Fractional Derivative

There are many definitions of the fractional derivative, and the one | will

be discussing is the Griinnwald-Letnikov definition. The operator acts as

an integral operator. It is evaluated on an interval of points ranging from
a to t, making fractional differentiation a global operator on the function.
This was the original Paradox that Leibniz mentioned.

Grunnwald-Letnikov Fractional Derivative

D7) = o | (t— TPty 3)
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General Form of a Fractional Derivative

Using the definition of fractional derivatives for the function
f(r)= (1 —a)", we get.

1 t
D, Pf(t :/ t— 7)Y —a)dr
D) = s [ (=7 - a)
Further manipulating this into a general form,
Let -=5 =0

t—7=(t—a)—(r—a)=(t—a)(l—0)
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General Form of a Fractional Derivative

Dy PF(t) = r(l P+f/ (1 0)>~10"do
Now we have a (8 function inside the integral.

Fp)r(r+1)

1 . 1
_p\p—lprgp — _
/0(1 0) 9d9—/oﬁ(p,r+1)—r(p+r+l)

Fp)r(r+1) 1
Mp+r+1)T(p)

LD PF(t) = (t — a)Ptr

The —p™ order fractional derivative of f(t)=(t-a)"

r(r+1)

(t_a)p+rl‘(p+r+1)
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Comparing the 2 Derivatives

Integer Derivative Fractional Derivative
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Numerical Example

Take for example, the half-derivative of the function f(x) = x2.
f(%)(x2) = (x— 0)2+%r(274;1)
F(2 + 5 + 1)
1 r3)

f(i)(xz) = X%

r

~—
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Numerical Example

4npl

M(n)=(n—1)! WhenneZ T(}+n)=22 J

Using the I function results discussed earlier, the function can be written
in a simple factorial form, which is easy to be evaluated.

1 2 §r(3) 3 6!
MR =X = VT

The Half-Derivative of x?
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Numerical Example
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Other Examples: Constant

Now say that f(t) = ¢, where c is an arbitrary constant. One would think,
that like an integer order derivative, that the result would be zero for a
fractional derivative, but this is not the case.

1 t
D_pc—/ t—7)P ledr
Py ), T

t
D Pe— _S_ / t— 7P ldr
o (p) a( )

Performing a u-sub.

u=t—r7

—du=drt

D Pc ¢ /t uP~1d
= — — T
o r(p) J
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Other Examples: Constant

Which leaves us with,

¢ (t—a)F
rp) P

So the fractional derivative of a constant is another constant, depending
on the points evaluated and the order of the fractional derivative.

a~t -
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Other Examples: Trig Functions

To break down the general nth derivatives of trig functions, we start with
the exponential.

dv .
dxV

Now if we discuss trig functions, we know we can express trig functions in
terms of exponentials from Euler's formula.

e =cosx 4+ isinx
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Other Examples: Trig Functions

So take for example the vt derivative of cos x.

v dv eix o e—ix I'veix 4 (_i)ve—ix
CoSX = =
dxV X dxV 2 2
Using Euler’s formula, let’s solve for i.
m
X ==
2
P T TN
e = cos(2) +Ism(2) i

dV

dxVv

s
cos x = cos(x + v=)
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Linearity of a derivative is expressed below.

(R0 + 800) = () + o g(x)

This property also applies to fractional derivatives. Compositions of
derivatives would be taking the derivative of a derivative. Here is the
compositon of an integer derivative.

d”y(d’”y) _dmtnx
dxn‘dxm’  dym+n

Below is a proof that will show the same result for a fractional derivative
or,

aDt_q(aDt_pf(t)) —a Dt_q_pf(t)

D; % (p; PF(¢) )/ (t — 7)97Y(,D; PF(7))dT
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Composition of Fractional Differentiation

ath(aDtpf(t)):r(lq)/:(t_T)q_l [r(lp)/aT(T_g)P_lf(g)df]dT

aD: (D¢ PE(t)) = r(p)lr(q) /at [/5

We now perform a U-Substitution for the integrals.
T—&=0(t—¢)
t-r=t—g—(r—¢)
t—7=(t-9)(1-0)

/at(t - E)”*"‘lf(ﬁ)/O (1—0)7 Y1 — )PP~ dod¢

t

(t—7)7 N7 - s)f’ldﬁ F(£)d¢

1
F(p)r(q)
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Composition of Fractional Differentiation

We have a 3 function in the second integral, so this integral now becomes,

D7D (1)) = r(p)lr(q) / (t — €)PHF(€)B(p, q)

We know that a 8 function can be written in terms of I functions.

~q( p- _ 1 o epraip o (P)T(9)
DEGDTHO) = s [ (=P O R

Finally we arrive at,

DIGDH) = o [ (= P9 = DA
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