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Zill, Section 7.4: 1%, 2%, 19* 27*33* 41* EXTRA CREDIT 45, /9
Zill, Section 7.5: 3*, 9*

Zill, Chapter 7 Review: 25%,26%,27* 28% 29* EXTRA CREDIT 37

SUMMARY
We will look at the derivative of a Laplace Transform and introduce the concept of convo-
lution.

1. Derivatives of Laplace Transforms
2

Show that d%F(s) — —L[tf(t)] and j—st(S) = L[E2f(1)].

d?’L
THEOREM | When F(s) = L[f(t)], and n =0,1,2,... L[t"f(t)] = (—1)"@1?’(5)
1
We now have TWO different ways to show that £7![—te™] = ( B
s—a

EXAMPLE | Solve 2" 4+ 16z = cos(4t), x(0) =0, 2'(0) = 1 using Laplace Transforms.



2. Products of Laplace Transforms
| DEFINITION: convolution |
If two functions f(t) and g(t) are piecewise continuous on [0, 00) then the convolution of

t
f and g, usually denoted f x g is defined to be / f(r)g(t — 7)dr. Note: this “product” is
0

Wk

a function of t. The use of the symbol is deliberate, since the convolution operation has

these familiar properties:

‘THEOREM: properties of convolution‘

If f, g and h are piecewise continuous on [0, c0), then

I. f*g=gx f (Commutative)

II. fx(g+ h) = f*g+ f*h (Distributive Under Addition)
ITI. f % (g« h) = (f % g) * h (Associative)

IV. fx0=0

‘THEOREM: The convolution theorem‘ If f and g are piecewise continuous on [0, 00)
and of exponential order so that F'(s) = L[f(t)] and G(s) = L[g(t)] thenLl[f x g] = F(s)G(s)
Corollary

LF(5)G(s)] = f % g.

EXAMPLE | The convolution theorem allows us to find inverse Laplace Transforms without
k _ kt—]sin(kt) b
st 4 k252 | k? Y

resorting to partial fractions. For example, show that £7! [

using the Convolution Theorem.

t
Evaluate £ [/ e"sin(t — 7)dr|.
0



3. Laplace Transform of an Integral
t F

We can use the Convolution Theorem with g(¢) = 1 and show that £ [/ f(’T)d’T] = (5)
0

S

Multiplication of f(t) by ¢ involves differentiation of its Laplace transform F'(s) in s
Division by s of F(s) involves anti-differentiation of the its Inverse Laplace Transform

: . _ 1 _ 1 B 1
Find £ 1 [m] and £ 1 [m] and £ 1 [T]

s2+1)

4. Volterra Integral Equations
A Volterra integral equation or integro-differential equation is an equation where the

unknown function f(¢) (and/or f'(t)) appears on one side of the equation and in an integral
on the other side, i.e. f(t) = g(t) + Ji f(T)h(t — 7)dT

t
EXAMPLE | Zill, page 309, Example 5. Solve f(t) = 3t* — e —/ f(r)e'"dr
0

t
Zill, page 313, HW #46. Solve ¢/(t) + 6y(¢t) + 9/ y(r)dr, y(0)=0
0



‘THEOREM: Laplace Transform of a Periodic Function
If f(t) is piecewise continuous on [0, 00), of exponential order, and periodic with period T,

1 T
then L[f(t)] = ﬁ/0 e~ f(t)dt
EXAMPLE | Let’s derive this above formula.

Find L[f(t)] = F(s) where f(t) { é’ O=i<l

l<t<2 and f(t+2) = f(t).

Application‘ Let’s find the Laplace Transform of the Unit Triangle Wave of period 2. (See
Zill, Page 314, HW#49-54).




