FINAL EXAM: Differential Equations

Math 341 Fall 2013 | Monday December 9
(©2013 Ron Buckmire | 6:30pm-9:30pm

Name: 2 =

Directions: Read all ten problems first before answering any of them. There are 13 pages in
this test. This exam is designed to be a 2-hour cumulative exam on the central ideas, techniques
and methods of the course. You have three hours to complete the entire exam. No calculators.
You must show all relevant work to support your answers. You must work alone. Use complete
English sentences as much as possible and CLEARLY indicate your final answers to be graded from
your “scratch work.”

You may consult a 8.5” by 11” “cheat sheet” with writing on both sides. There is a formula sheet
at the end of The Exam which includes all the formulas you should need for Laplace Transforms.

Pledge: I, ; | -, pledge my honor as a
human being and Occidental student, that I have followed all the rules above to the letter
and in spirit.

No. Score Maximum
1 10
2 10
3 10
4 10
5 10
6 10
7 10
8 10
9 10
10 10
BONUS - 10
TOTAL . 100




1 [10 points tolal.] Existence and Uniqueness Theorem.
7] . .
(a) Suppose ¥y = f(z,y) where f and B_f are continuous everywhere, i.e. at all (x,¥)
y

values. Does this mean that any solution y(z) to the ODE must be continuous everywhere? (
EXPLAIN YOUR ANSWER.
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(b) Suppose 3’ = zy'/3. What does the Existence and Uniqueness Theorem allow us to
conclude about solutions to the ODE for 1n1t1a1 conditions whele y = 0 for some value of z7
EXPLAIN YOUR ANSWER.
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2 [10 points total.] Bifurcation, Phase Lines, Equilibria, Stability.

Consider the autonomous ordinary differential equation 4 = ay? + y* where a is an arbitrary
real-valued parameter. Find the equilibria values * and compute the bifurcation value ap.
Sketch phase lines for representative values a < ag, @ = ag and a > ap. Clearly label any
sinks, sources or nodes. Finally, sketch the bifurcation diagram in the ay*-plane.
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3 [10 points totael.] Hamiltonian and Gradient Systems.
2 d L2
Coensider gb(’?;}y) — T % 1 8.
(a) Write down a system of differential equations for which the given ¢(z,y) is a Gradient

function. CONFIRM your given system is indeed a Gladlcnt systenn. <
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(b) Write down a system of differential equations for which the given ¢{z, y) is a Hamiltonian
function. CONFIRM your given system is indeed a Hamiltonian system.
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4 [10 points total.] Fquilibria of Nonlinear Systems, Linearization, Jacobian, Eigen-
values. :
Consider the following nonlinear system of differential equations

dzx

— = 2z 4 22°
dt +

dy )

— = —3z-+y-+3z

pr +y 4

Find and classify all the equlibrium points of the system.
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5 [10 points total.] Solving Linear System of ODEs.

dz 2 3], X -
Solvedt {3 _2}1. *,fi““;f&\('?{

T =-4 = frace (P
(;‘ N e fpm‘oiﬁﬁ yujd

_ — L3 ' S |
IR

\ -T“‘?‘\f:r_i%m EHS_; hv‘\}<g%’5’a\ Si)mﬁ“i\\g
Al + ”ﬂ}
-4t m . ﬂ:l\z;l\j
%’_ﬂ:; E ”“Mﬂ ; 3> ~s§>@"‘*u )\X

£l

H

5]
4t
2.
S L N2
"Qi{:ie}‘%”* c e T, kR AV & Mk (_,




pem——

(

b

6 [10 poinis total.] Nonhomogeneous and Homogeneous Problems.
f/*(a) Solve t% + 2y = 0. SHOW ALL YOUR WORK!
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7 [10 points total.] Phase Plane and Slope Fields.

Consider the following first order differential equations:

d d; o dy i )
1. Zl% = y — sin(t) 2. d_gti = cos(t) - 3. d—; = cos(y) 4, ?i% =1t —sin(y) (
Two slope fields are shown below. Match the slope fields with their associated ODE and
provide an explanation. You will obtain four times as much credit for the explanation than

for the correct slope field selection.
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8 [10 points total.] Heaviside Function and Delta Function.
(a) Solve y" +y =H(t), (0)=0, %'(0)=0.
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(b) Solve y" +y =46(t), y(0)=0, y’((})
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(c) Explain the difference between the two different physical situations represented by the
two different initial value problems given in (a) and (b) and describe how the solutions to
the two problems differ. One way to do this would be by giving a sketch of y(t) for each

problem.
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9 [10 points total.] Laplace Transforms and Initial Value Problems.
Consider the following initial value problem, whose exact solution y(f) is the zeroth-order

Besse% Function of the First Kind, denoted Jy(¢) /}\ s \]/ (7W » }%-i’;
ty" o' +ty =0, y0)=1, (0)=0. S
dy
Given that L[ty/] = —I{E[y]} = —-(——{SY—(S) —y(0)} = —s— Y, show that applying
s

the Laplace Transform to the given initial value problem produces the following equation for
Y (s).
ay '
Lity" +y +ty] = —(s* +1)E —~sY =0
[HINT: Since you are given L[ty'], how can you use that information to find expressions
for L[ty"] and L[ty]? Think about what multiplication in {-space means when Laplace-
transformed into s-space.]
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10 [10 points tolal.] Separation of Variables.
Consider the differential equation from 9,

. Y
—(sZ—I—I)Cfi—S—sYMO

Let Y(0) = A where A is a {(un)known real value. Solve this initial value problem f01 Y (s).
(SEE BONUS PROBLEM to determine A') :
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BONUS QUESTION /10 points total.]
(a) Given that y(¢) and its Laplace Transform Y (s) satisfy the relationship
lim sY'(s) = y(0)

S—00

" use this result to obiain the value of the unknown constant A from 10.
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(b) From 9, 10 and part (a) above, what is an explicit functional form for the Laplace
Transform of the Zeroth-Order Bessel’s Function of the First Kind, i.e. L[J(¢)]? Recall,
Jo(t) satisfies the initial value problem from 9: ty" + ¢ +ty=10, »(0)=1, ' (0)=0.
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F(s) = LIf(t)

1= f:o f)e dt

Laplace Transforms

Laplace Transform Formulas

| y sP(s) - £(0)
3
| Iz 2R~ 5£(0) - FO)
n (s ’ ‘ ‘
¢ Sn—l—] -
f) s"F(s) — sH£(0) — s=Df1(0) — ... — fD(0)
tmfl i
(m — 1)' sm Batf(t) F(S — a)
t 1 _
e p— flt — a)H(t —a) e “F(s)
- dﬂ
sinht) | s £ (1) (~1)" = F(s)
F
cos(kt) Sg_j_ﬁ fo ' Fr) dr gs)
[ t v F
sinh(kt) 2 f 3 _[) A f(r) drds 3(28 )
cosh(kt) ﬁ : fxg F(s)G(s)
8t—a) | e I—E—Q ];OO F(u) du
. . Sy s—as T
Me-a)| S || sern) =0 — [ e i @
or u,(t)

13







