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SUMMARY Limits of Complex Functions and the Point At Infinity

CURRENT READING Saff & Snider, §2.2

HOMEWORK Saff & Snider, Section 2.2 # 1, 5, 7, 11, 14 Extra Credit: #25
Limits

Suppose that f(z) is defined on a deleted neighborhood of zp. In order to say that
lim f(z) = wo we must be able to show that
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This may look like dense mathematical language, but in english this means that for every
positive number ¢ (no matter how small) there exists a number § (which depends on the
choice of ¢) so that regardless of how close you get to the point z¢ in the deleted neighbor-
hood around it in the z-plane you can also get arbitrarily close to the value wp in the w-plane.

Visualize The Limit
Let’s try and prove the result lim z* = —1 (See Example 2 on page 60 of Saff & Snider)
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Rules on Limits
The rules on limits of complex functions are identical to the rules for limits of real functions
of real variables (as you'd expect)

Suppose that lim, .., f(2) = we and lim, .., F'(z) = Wy then
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lim P(z) = P(z0) (where P(z) is a polynomial)
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IF f(2) = u(z,y) +iv(z,y), 20 = Zo + 1Yo and wo = ug + ivg THEN

lim f(z) = wo if and only if  lim  wu(x,y) = uo and lim vz, y) = vo
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Examples

(a) lim 2|z|+i22 4+ 25— .1i =
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(b) lim ze* =
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Point at Infinity
When dealing with real numbers we often speak of two different concepts, denoted —oo and
+o0.
However, the complex number infinity is represented as one particular point in the Argand
plane. We call this the point of infinity and we rename the Argand plane the extended
z plane or the extended complex plane when we include it.
The point at infinity can be considered to be the image of the origin z = 0 under the mapping
w=1/z
To compute complex limits involving oo we use this idea:
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In order for us to say a complex function f(z) becomes unbounded at a point zq, (i.e.
f(z0) = 00) we must be able to show that
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Examples
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