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The Ge ne r ousDonor
Sup p ose you a r e the dir e ctor ofa cha rity organization.A ve ry w e althy sup p orte r of

your organization hasp assedaway with no heirs.Thiswe althy sup p orte r hasindicated
thatshe w antsallhe r m one y to go to your cha rity. He r accountantshave give n you a
choice betw e e n two p aym e ntp lans.Your job to cho ose betw e e n these p lans:

FirstPlan

$100;000;000 the r̄stwe e k,
4/5 ofthe p r e viousw e e k'sam ountfor e ve ry w e e k be yond...
The p aym e ntsar e to continue for e ve r.

SecondPlan

$8;000;000the r̄stwe e k,
$8;000;000=2 (= $4;000;000)the se condw e e k,
$8;000;000=3 (= $2 ;6 6 6 ;6 6 6 :6 6 6 6 )the thirdw e e k,andso on...
The p aym e ntsar e to continue for e ve r.

W hich paym e ntplan willp rovide your organization with the greate r contribution in the
long run? W hy?

To answe r these q uestions,w e r̄stne edto e xa m ine the totalcontribution e ach p aym e nt
p lan wouldm ake asofthe nth we e k.The n w e ne edto e xa m ine these valuesin the long
run {thatis,asn ! 1.
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Let'sbe gin by introducing va riablesandr estating the p roble m in m athe m aticalte r m s.

LetF n denote the totalcontribution m ade to your organization afte r n m onthsifthe
r̄stpaym e ntplan ischose n.

LetS n de note the totalcontribution m ade to your organization afte r n m onthsifthe
secondpaym e ntplan ischose n.

1.Conside r the r̄stp aym e ntp lan.E xp lain how F n can be e valuatedusing F n¡1.The r e -
for e w rite an e q uation e valuating F n in te rm sofF 0 = 100;000;000.

2 .Your for m ula for F n shouldlook like F n = arn w he r e risa constantandaisthe

initialam ount.
1X

n=0

arn iscalleda ge om e tric se ries.W e can show thatthe value of

the in n̄ite sum isgive n by the for m ula
a

1¡ r
.

3.How m uch m one y w ouldyour cha rity e ve ntually (i.e.asn ! 1)re ce ive unde r this
r̄stp lan?

4.N ow conside r the se condp aym e ntp lan.E xp lain w hy S n C A N N O T be e valuatedas
a ge om etric sum .

How can w e dete rm ine how m uch m one y w ouldeve ntually be r e ceivedfrom the se cond
p lan? Use the Inte gr alTest!
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The Inte gr alTestfor In n̄ite Se ries

Let
P1

k=1ak be an in n̄ite se rieswith allp ositive te r m sandletf(x )be a m onotone
de cre asing function on [1;1)satisfying f(k)= ak for e ve ry p ositive inte ge r k.The n

Z 1

1
f(x )dx conve rge sifandonly if

1X

k=1

ak conve rges.

In othe r wo rds,the in n̄ite se riesandim p ro pe r integralconve rge or dive rge togethe r !

T he above state m e ntm ay be p rovedby picture .W hatisthe a p p r op riate p icture ? B e gin
by gr a p hing a m onotone de cr e asing function andthe n draw re ctanglesofwidth 1asap -
p rop riate.The a r e a ofthe r e ctanglesshouldbe gr e ate r than the a r e a unde r the curve,and
thisp rove sthatifthe in n̄ite se riesconve rges,the n the im p r op e r inte gr alconve rges.The
othe r p a rtofthe the or e m m ay be p r ove n by shifting allthe r e ctanglesin your p icture one
unitto the le ft.E xplain.
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W e now ap p ly thisto dete r m ine the conve rge nce or dive rge nce ofa va riety ofin n̄ite se rie s.
In e ach case,give n an in n̄ite se ries,w e ne edto introduce a function f(x ).Do thisby
vie wing the te r m softhe se rie sasthe outp utvaluesofa function (think ofak asa(k)).

Do the following in n̄ite se riesconve rge o r dive rge ? A long with the inte gr altest,use the
ide asofcom p a rison andeve ntualcom p a rison asne cessary.

1.
1X

k=1

1
k4

2 .
1X

k=1

2 1
4k4+ 17

3.
1X

k=1

k2

e k3

4.
1X

k=1

k
e k


