
Math 12 0 Sp ring 2 001
Class2 5: Monday A p ril2

Intr oduction to Im p r op e r Inte gr als

1.(a)Sketch a gra p h ofthe function f(x )= 1=x 2.

(b)Findthe a r e a unde r thiscurve,fro m x = 1to x = b,for e ach ofthe following valuesofb:

(i)b= 10.A re a =

(ii)b= 100.A r e a =

(iii)b= 1000.A r e a =

(c)W hatdo you think the T O TA Lar e a unde r the curve to the rightof x = 1is?

(d)Let'stry to p rove whatthistotalar e a is.First n̄dthe a re a unde r the curve fro m 1to bin te r m s
ofb.
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(e)The totalar e a unde r the curve to the rightof x = 1can be foundby p lugging in large r andlarge r
valuesofbto n̄dthe num be r your answe rsar e a p p r oaching.
Translating the above se nte nce into m athe m aticallanguage,we say w e a r e taking the asbgo es
to ofthe ar e a fro m 1to b.Do thishe r e.

(f)The m athe m atical\shorthand" notation for whatw e didabove is:
Z 1

1

1
x 2

dx def= lim
b! 1

Z b

1

1
x 2

dx

The inte gralon the le fthandside iscalledan im p ro p e r inte gr al.In ge ne r al,whe n the lim ite xists,
we say the im p r o p e r inte gralconve r ge s.O the rwise w e say itdive rge s.

2 .(a)Sketch a gra p h ofthe function f(x )= 1=x .

(b)Findthe ar e a unde r thiscurve,to the rightof x = 2 ,by e valuating the im p r op e r inte gral
Z 1

2

1
x

dx .

Hint: do thisin two ste p s:

Ste p 1.E valuate
Z b

2

1
x

dx .

Ste p 2 .N ow n̄dthe ap p r o p riate lim it.
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3.(a)A bove,w e foundthatthe totalar e a unde r f(x )= 1=x 2 to the rightof x = 1is1.N ow let's n̄d
the a r e a unde r the sam e curve,butbetwe e n the y-axisandx = 1.Firstshade in thisar e a in the sam e
grap h you sketchedabove in p roble m 1.

(b)
Z 1

0

1
x 2

dx =

(c)A syou can se e,thisde n̄ite inte gralSE EMS to be unde n̄ed,be cause the inte grand1=x 2 isunde n̄ed
atx = 0.So thisiscalledandim p r op e r inte gr al.Let'stry a di®e r e ntway,the n.Findthe ar e a fro m
ato 1,in te r m sofa(whe r e aisany num be r betw e e n 0 and1).

(d)W hatisthe a r e a fo r e ach ofthe following valuesofa?

a= 0:1

a= 0:01

a= 0:001

(e)W hatdo you think the a r e a from 0to 1is? PR O V E your answ e r m athe m atically.



4.Evaluate e ach ofthe following im p ro p e r inte grals.(R e m e m be r,it'se asie r ifyou do e ach p roble m in
two ste p s: r̄ste valuate a de n̄ite inte gral\using ao r b"; the n take the ap p ro p riate lim it.)

(a)
Z 1

2

1p
x

dx =

(b)
Z 2

0

1p
x

dx =

(c)
Z 1

¡1
e x dx =

(Hint: br e ak thisinto two inte grals: one fro m ¡1 to 0,the othe r fro m 0 to 1.)


