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Inve rse Functions

Inve rsesandIde ntities

Many op e rationson setsof num be rsor functionshave an identity ele m e ntandin-
ve rsesin the set.Im p ortante xa m p lesinclude addition,m ultip lication,andcom p osition
offunctions.

A ddition

T he r e ise xactly one r e alnum be r awith the p rop e rty that

a+ x = x + a= x ; for allx 2R :

T hisnum be r,the additive identity,isa= 0.

Ifbisa r e alnum be r,the r e ise xactly one r e alnum be r c such that

b+ c = c+ b= 0:

T hisnum be r,the additive inve rse ofb,isc = ¡b.

W e can e xte ndthese ide asfrom num be rsto functions.The r e ise xactly one function
h : R ! R such that

h(x )+ f(x )= f(x )+ h(x )= f(x ); for allf: R ! R .

Thisfunction,the additive identity for functions,hasthe for m ula h(x )= 0,for allx 2R :

T he additive inve rse ofthe function fisthe function gsuch that

f(x )+ g(x )= g(x )+ f(x )= h(x )= 0:

In fact,g(x )= ¡f(x ).The gr a p h of¡f(x )isobtainedby re °e cting the gra p h off(x )
acrossthe x -axis.

Multip lication

T he r e ise xactly one r e alnum be r awith the p rop e rty that

a¢x = x ¢a= x ; for allx 2R .

Thisnum be r,the m ultiplicative identity,isa= 1.

Ifb6= 0 isa r e alnum be r ,the r e ise xactly one r e alnum be r c such that

b¢c = c¢b= 1:

T hisnum be r,the m ultiplicative inve rse ofb,isc = b¡1= 1=b,the recip rocalofb.
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W e can e xte ndthese ide asfrom num be rsto functions.The r e ise xactly one function
k : R ! R such that

k(x )¢f(x )= f(x )¢k(x )= f(x ); for allf: R ! R

T hisfunction,the m ultiplicative identity for functions,hasthe for m ula k(x )= 1,for all
x 2R :

T he m ultiplicative inve rse ofthe function fisthe function gsuch that

f(x )¢g(x )= g(x )¢f(x )= k(x )= 1:

In fact,g(x )= [f(x )]¡1 = 1=f(x ),which e xistsfor allx in the dom ain off for w hich
f(x )6= 0.

Com p osition ofFunctions

T hisop e r ation hasno counte r p a rtfor r e alnum be rs.R e callthat(f±g)(x )= f(g(x )).
The identity function (unde r com p osition)isthe function ¶: R ! R such that

(f±¶)(x )= (¶±f)(x )= f(x ); for allf: R ! R :

T he for m ula for ¶is¶(x )= x ,for allx 2R .

The function gisthe inve rse off(unde r com p osition)if

(f±g)(x )= (g±f)(x )= ¶(x )= x ;

T hatis,ifgisthe inve rse offunde r com p osition,the n f(g(x ))= g(f(x ))= x for allx in
the dom ain off.The inve rse offisge ne rally de notedby f¡1(x ).

N O TE : In ge ne r al,the m ultip licative inve rse offisnot`the inve rse "off:

[f(x )]¡16=f¡1(x )

E xam ple
T he natur allogarithm g(x )= ln(x )isthe inve rse ofthe e xp one ntialfunction f(x )= e x :

e ln(x )= ln(e x )= x but ln(x )6= 1
e x

= (e x )¡1:
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Gr ap hsofInve rse Functions

1.Sup p ose f(a)= b.(Thism e ansthatthe p oint(a;b)ison the gr a p h off.)
Show thatf¡1(b)= a.(Thism e ansthatthe p oint(b;a)ison the gra p h off¡1.

2 .Use thisresultto e xp lain w hy the gra p h off¡1isthe re °ection aboutthe line y= x
ofthe gr ap h off.

E xam ple : f(x )= e x ;¡1 < x < +1 ;

f¡1(x )= ln(x )¡ 1 < x < +1.

E xam ple : g(x )= sin(x );¡ ¼
2 · x · ¼

2 ;

g¡1(x )= arcsin(x ):= sin¡1(x );¡1· x · 1.

5.Doese ve ry function have an inve rse ? C onside r h(x )= sin(x );¡¼ · x · ¼.



Math 12 0 Class18 Sp ring 2 001

De rivativesofInve rse Functions
A nalytic A p p r oach

Ifg= f¡1,the n x = f(g(x )).The n by the Chain R ule,

1=
d
dx

f(g(x ))= f0(g(x ))g0(x ) so g0(x )=
1

f0(g(x ))
;

p rovidedf0(g(x ))6= 0.In the usualnotation for inve rse functions,

d
dx

f¡1(x )=
1

f0(f¡1(x ))
; p r ovidedf0(f¡1(x ))6= 0.

E xam ple : For ¡1· x · 1,x = sin(arcsin(x ))and d
dx sin(x )= cos(x )=

q
1¡ sin2 (x ),so

d
dx

a rcsin(x )=
1q

1¡ sin2 (arcsin(x ))
=

1p
1¡ x 2

; ¡1< x < 1:

Gr ap hicalA p p r oach

T he gra p h off¡1isthe r e °e ction
ofthe gr a p h offaboutthe line y= x .

The line tange ntto the gr a p h off¡1 at(b;a)
isthe r e °e ction acrossthe line y= x ofthe
line tange ntto the gra p h offat(a;b).

If(d;c)ison the line tange ntto the
gra p h off¡1 at(b;a),the n (c;d)ison the
line tange ntto the gra p h offat(a;b).

Thusif(d;c)isanothe r p ointon the line tange ntto the gra p h off¡1 at(b;a),the slop e
ofthisline can be com p utedas

(f¡1)0(b)=
a¡ c
b¡ d

= 1
. µb¡ d

a¡ c

¶
= 1=f0(a);

the r e cip r ocalofslop e ofthe line tange ntto the gra p h offat(a;b).
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Mor e E xam p lesofDe rivativesofInve rse Functions

6 .T he inve rse ofthe function f(x )= tan(x )¡ ¼=2 · x · ¼=2 isthe function g(x )=
arctan(x );¡1 · x · 1.Starting with

tan(a rctan(x ))= x ; ¡1 < x < 1;

use the Chain R ule to n̄d d
dx a rctan(x ).To sim p lify your answe r,itwillbe use fulto

e xp r essthe de rivative oftan(x )= sin(x )=cos(x )in te rm softan(x ).
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Inve rse FunctionsandA ntide rivatives

7 .E ve ry di®e r e ntiation rule im p liesan antidi®e re ntiation rule ! Use the w ork we have
justcom p letedto n̄dthe following antide rivatives:
Z

dx
x
=

Z
dxp
1¡ x 2

=

Z
dx

1+ x 2
=

8.E valuate the following de n̄ite inte gr als:

Z 0:5

¡0:5

dxp
1¡ x 2

=

Z ¼=2

0

sinydy
1+ cos2 y

=


