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The Fundam e ntalThe o r e m ofC alculus

In our analysisofthe p roble m sofa r e a,distance,work,ande ne rgy,w e foundthatthese
q uantitiesde n̄e accum ulation functions.Today w e willdiscove r thatthe accum ulation
functionsa r e solutionsofinitialvalue p roble m s. The r̄stste p isto e xa m ine w hatthe
de rivative of an accum ulation function lookslike in one ofthe fa m iliar e xa m p lesw e've
se e n r e ce ntly.

1.Ene r gy consum p tion. W e conside reda p ow e r de m andschedule P = P (t),valid
for the tim e inte rvalstaring att=aande nding attim e t=b.Draw a gra p h of P (t)
below andfollow the a rgum e ntbelow by drawing som e a p p r op riate ge om etric ḡur es
on your gr a p h.

For a sm alltim e inte rvalof le ngth ¢ t including tim e t,the e ne rgy consum edisgive n
a p p r oxim ately by

¢ E ¼ P (t)¢ t:

T he e ntire a m ountofe ne rgy consum edfrom the starting tim e t=ato the a rbitary e nding
tim e t= x isestim atedby the R ie m ann sum

E (x )=
NX

k=1

¢ E k ¼
NX

k=1

P (tk)¢ t

(using ¢ t= 1
N (x ¡a)).The a p p r oxim ation conve rgesasN incr e ase swithoutbound.The

e xactvalue ofthe e ne rgy consum edisgive n by the inte gral

E (x )=
Z x

0
P (t)dt:

N ow w e w antto e xa m ine the de rivative of E (x ). W hatisthe a p p r op riate ge om etric
inte rp r e tation on the grap h ofP (t)ofthe e xp r e ssion E (x + ¢ x )¡ E (x )?

How can w e use the function P (t)to estim ate the ar e a ofthe r e gion we justdete rm ined?
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W e have two e xp r e ssions(one a p p r oxim ate )for thisare a.Ifw e divide both ofthe m by
¢ x andlet¢ x ! 0,the valuesofthese e xp r e ssionsap p r oach e ach othe r,andin the lim it
w e have

E 0(x )=
dE
dx

= lim
¢ x ! 0

¢ E
¢ x

= P (x );

E (a)= 0:

(W he r e do esthe initialcondition E (a)= 0 com e from ?)

The ge ne r alstatm e nt.

T he p atte rn ofthese r esultsisstriking.A q uantity dete r m inedby accum ulation can be
e xp r e ssedasan inte gral.Providedthe accum ulation function isdi®e re ntiable,itsde rivative
ise asily e xp r essed.Thisre sultisknow n asthe Fundam e ntalThe o r e m ofC alculus.

Iffisa continuousfunction on the inte rval[a;b]andwe let

A(x )=
Z x

a
f(t)dt; a· x · b

the n A(x )isdi®e re ntiable and

A 0(x )= f(x ) and A(a)= 0:

W hatis\fundam e ntal" isthata q uantity which can be e xp r e ssedasan accum ulation can
also be e xp r e ssedasthe solution to an initialvalue p roble m .

Using the ide asin the e xa m p lesw e e xa m inedtoday,can you p r ove the Fundam e ntal
The or e m ofC alculus?



Math 12 0 Class8 Sp ring 2 001

Using the Fundam e ntalThe o r e m

T he Fundam e ntalThe or e m conne ctsthe two ke y ide asof calculus{rate of change and
accum ulation{andcan be usedto im p ortknowledge aboutone ide a into the solution ofa
p roble m w hich occurswith the othe r one.T histhe or e m hasdi®e r e ntve rsionscor r e sp ond-
ing to di®e re ntwaysitcan be used.

De rivative of an accum ulation. A n accum ulation function isde n̄edasan inte gral
with a variable e ndp ointofinte gr ation:

A(x )=
Z x

a
f(t)dt

T he fundam e ntalthe or e m tellsusaboutthe de rivative ofthe accum ulation function.This
e xistsiff(t)iscontinuous,in which case :

A 0(x )= f(x )

A ccum ulation functionsar e antide rivative s.B e cause ofthe Fundam e ntalThe or e m ,
w e have the following com p acte q uation for continuousf(t):

d
dx

µZ x

a
f(t)dt

¶
= f(x )

E xplain how thisfollowsfro m the Fundam e ntalTheore m .

A ccum ulation functionssolve initialvalue p r oble m s.T he initialvalue p r oble m

y0(x )= f(x )
y(a)= C

w he r e f(x )iscontinuousandC isa constant,hasthe uniq ue solution

y(x )= C +
Z x

a
f(t)dt

E xplain how thisfollowsfro m the Fundam e ntalTheore m .
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Pr oble m sfor Pr actice

Use the Fundam e ntalThe or e m ofC alculusto q uickly solve the following p r oble m s:

A .
d
dx

µZ x

0
e¡t2 dt

¶
=

B.Solve the initialvalue p roble m :

y0(x )= x
y(0)= 2


