
Math 12 0 W e e k 13 Lab Sp ring 2 001
Intr oduction to Taylor Se ries

You a r e fa m iliar with Taylor p olynom ials(atle astof r̄standse condde gre e )from Math
110.R e callthatw e usedthese asp olynom ialswhich dida goodjob ofa p p roxim ating a
give n function ne a r a give n p oint.

More r e ce ntly,you have also be com e fa m iliar with in n̄ite se ries.

N ow w e a r e going to p utthese two top icstogethe r. W e a r e going to n̄din n̄ite
se ries,develop edasp ow e rsof x ,which actually e q uala give n function on som e inte rval
abouta give n p oint.These se ries{Taylor se ries{com e from e xte nding the ide a ofTaylor
p olynom ialsfrom r̄standse conddegre esto alldegre e e s.

De n̄ition (Taylor Se ries)
Letf be a function w hich hasde rivativesof allorde rsatthe p ointa.The n the Taylor
se riesfor faboutaisde n̄edto be the in n̄ite se ries:

1X

k=0

ck(x ¡a)k; w he r e ck = f(k)(a)=k!:

N otation:
f(k)denotesthe kth de rivative off. Thus,f(k)(a)denotesthe kth de rivative off
e valuatedatthe p ointa.
B y conve ntion,f(0)denotesthe function fitself.Thus,f(0)(a)= f(a).
k!,r e ad\k factorial," de notesthe p r oduct1¢2 ¢3¢¢¢(k ¡1)¢k ofthe p ositive inte ge rs
1through k.

E xam ple 1: The Taylor se riesfor f(x )= sin(x )abouta= 0

f(x )= sin(x )
f0(x )= cos(x )
f00(x )= ¡sin(x )

f(3)(x )= ¡ cos(x )
f(4)(x )= sin(x )

...
...

=)

f(0)= sin(0)= 0
f0(0)= cos(0)= 1
f00(0)= ¡sin(0)= 0

f(3)(0)= ¡ cos(0)= ¡1
f(4)(0)= sin(0)= 0

...
...

=)

c0 = f(0)=0! = 0
c1= f0(0)=1! = 1
c2 = f00(0)=2 ! = 0

c3 = f(3)(0)=3! = ¡1=3!
c4= f(4)(0)=4! = 0
...

...

The n the Taylor se rie sfor sin(x )abouta= 0 isgive n by

c0+ c1(x ¡ 0)+ c2(x ¡ 0)2 + c3(x ¡ 0)3 + c4(x ¡ 0)4+ :::= x ¡ 1
3!
x 3 + :::

In fact,asthisp atte rn continue s,we can w rite thisse riesas
1X

k=0

(¡1)k 1
(2 k + 1)!

x 2 k+1:
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Pr oble m 1

Follow the p r e viouse xa m p le to n̄dTaylor se riesfor f(x )= 1
1¡x abouta= 0.Findthe

te r m sfor thisse riese xp licitly through the fourth de gr e e,the n gue ssatthe ge ne r alse rie s.
Do you r e cognize thisse rie s? Use the A bsolute R atio Testto dete r m ine the valuesof x for
w hich thisse riesconve rges.(Thisiscalledthe inte rvalofconve rge nce .)
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Pr oble m 2

Sim ilarly,̄ ndthe Taylor se riesfor f(x )= e x abouta= 0.Findthe te r m sfor thisse ries
e xp licitly through the fourth de gre e,the n guessatthe ge ne r alse rie s.Use the A bsolute
R atio Te stto dete rm ine the valuesof x for w hich thisse riesconve rges.(Thisiscalledthe
inte rvalofconve rge nce.)



Taylor Polynom ialsandDe rive

You can use De rive to e asily n̄dTaylor p olynom ialsofdi®e re ntde gre es. Se le ct
Calculus the n Taylor series from the m e nu atthe top ofthe scr e e n,the n l̄lin the
a p p r op riate inform ation in the dialogue box thatap p e a rs.Choose Simplify r athe r than
OK to getthe p olynom ial. A lte rnatively,you can choose Simplify from the m e nu bar
afte rw a rds.

Use thisp ro cedur e to n̄dTaylor p olynom ialsofde gre es1,2 ,5,10,2 0 and40 for
f(x )= 1=(1¡ x )abouta= 0.Plotthese togethe r on the sam e p lot.W hathap p e nsasyou
incre ase the de gre e ofthe p olynom ials? How isthisrelatedto the inte rvalofconve rge nce ?

Use thissam e p ro cedur e to n̄dTaylor p olynom ialsofde gre e s1,2 ,5,10,2 0 and40
for f(x )= e x p(x )abouta= 0.Plotthese togethe r on the sam e p lot.(Cle ar your p lotof
the p r e viousgra p hs r̄st.) W hathap p e nsasyou incre ase the de gre e ofthe p olynom ials?
How isthisrelatedto the inte rvalofconve rge nce ?


