
Math 12 0Lab Sp ring 2 001

N am es:

Lab #8
Math 12 0 Lab

W edne sday/Thursday
A p ril4/5,2 001
R on B uckm ir e
A lan K no e r r

E valuating andestim ating im p r o p e r inte gr als

Thislab develop stwo m e thodsfor dete r m ining the value ofan \im p r op e r inte gr alofthe r̄stkind"
Z 1

a
f(x )dx := lim

b! 1

Z b

a
f(x )dx

O ne m e thodcan dete r m ine an e xactvalue for the lim it; the othe r m e thodgivesa num e ricalestim ate.

A n e xactvalue for an im p r op e r inte gr al

W he n an antide rivative can be dete r m inedfor a function f(x ),itissom e tim esp ossible to dete r m ine
the e xactvalue for the im p ro p e r inte gr al

Z 1

a
f(x )dx

Thisse ction de ve lop sone such e xa m p le .The m e thodusedhe r e can be ap p liedto othe r e xa m p le s.

1.Give the calculationsto show that
R100
0

¡
1
2

¢x dx = 1
ln 2

¡
1¡ 1

2 100
¢
.
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2 .B y how m uch do esyour answe r above di®e r fr om 1
ln 2 ? E xp r e ssthisnum be r two ways: e xactly

andasa de cim alap p r oxim ation.

3.Give an e xp r e ssion for
R1000
0

¡
1
2

¢x dx .(R e fe r to e a rlie r w ork; you do nothave to show allthe
ste p she r e .)

4.Give an e xacte xp r e ssion fo r
Rb
0

¡
1
2

¢x dx using the va riable b.(Show allthe ste p sthistim e .)

5.How didthe e a rlie r w ork he lp you answ e r the lastq ue stion?

6 .Dete rm ine the e xactvalue ofthe im p r o p e r inte gr al
Z 1

0

µ
1
2

¶x

dx :

7 .W hatisthe ar e a ofthe r e gion in the r̄stq uadrantofthe x y-co ordinate p lane boundedabove
by the gr ap h y=

¡
1
2

¢x ?
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8.(Thisr esulthe r e willbe usedbelow.) Dete r m ine the e xactvalue ofthe im p r o p e r inte gr alZ 1

2 0

µ
1
2

¶x

dx :A lso,give a de cim alap p r oxim ation.Show allthe ste p sin your w ork.

A n e stim ate for an im p r op e r inte gr al

Unlike the e xa m p le in the p r e viousse ction,the antide rivative
R¡

1
2

¢x 2dx cannotbe e xp r e ssedasan
ordinary fo r m ula.1 In thisse ction,you can give a goodap p r oxim ation fo r the value ofthe im p r op e r
inte gr al

R1
0

¡
1
2

¢x 2dx .The strate gy isto use the inte gr alp r o p e rty
Z 1

0

µ
1
2

¶x 2

dx =
Z c

0

µ
1
2

¶x 2

dx +
Z 1

c

µ
1
2

¶x 2

dx

to guide the analysis.A num e ricalestim ate can be obtainedfor the r̄stte r m ofthe sum ; the n,w e
can show thatthe se condte r m ofthe sum isve ry sm all.

9.Use the T RU E B ASIC p r ogr am SIMPSO N to give succe ssive a p p r oxim ationsto
R2 0
0

¡
1
2

¢x 2dx .
R e co rdatle ast v̄e a p p r oxim ationsandcontinue untilyou ar e con d̄e ntthatyou have atle ast
thr e e de cim alp lace sofaccur acy in the estim ate .

1Som e com p ute r alge br a syste m s,like D ERIVE,willexp r e ssthisantide rivative in te rm softhe \e r ror function"

E RF (x )de n̄edby the integralE RF (x )=
1p
2 ¼

Rx
¡1 e¡t2=2 dt.
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10.E xp lain why
Rb
a

¡
1
2

¢x 2dx <
Rb
a

¡
1
2

¢x dx for any inte rval[a;b]with a>1.(Hint: sketch a diagram
ofthe graphs.)

11.Use the p r e viousr esultto show that
Z 1

2 0

µ
1
2

¶x 2

dx < 0:00001

(Thisestim ate issom e tim escalled\bounding the tail" ofthe im p r op e r inte gr al.)

12 .Give a r ough sketch ofthe gr ap h y=
¡
1
2

¢x 2 for x >0.B r e ak the r e gion unde r the curve at
x = 2 0.W hatisthe ar e a ofthe le ft-handp ortion ofthe r e gion? W hatcan you say for sur e
aboutthe a r e a ofthe right-handp ortion?

13.Give a thr e e -p lace e stim ate ofthe im p r o p e r inte gr al
Z 1

0

µ
1
2

¶x 2

dx .Use the r esultsofp r e vious

com p utations.

14.How couldyou adap tthe m e thodusedhe r e to im p r ove the accur acy ofthe e stim ate ofthe
im p r o p e r inte gr al? W rite a p a r agr a p h to describe w hatyou woulddo.

15.(Extra credit.)Following the strate gy you justoutlined,give a six-p lace estim ate to the sa m e
im p r o p e r inte gr al.
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Pr e p a ring Your Lab R e p o rt

A sbe for e ,your r e p o rtshouldconsistofa cove r p age with the title ofthe r e p o rtandthe nam e s
andsignatur e sofyour lab group m e m be rs. A lso indicate your Lab Se ction andLab Tim e
andLab Pr ofe ssor.E ach p e rson (in a group ofthr e e )shoulddraftone ofthe thr e e p a rts,and
the gr oup shouldm e e tto r e adandcom m e nton these draftsbe for e subm itting the n̄alr e p o rt.

Your lab r e p o rtshouldcontain fullansw e rsto the following q uestions:

Part1
Q ue stions4{8 above .

Part2
Q ue stions9{12 above.

Part3
Q ue stions13{15 above .

Due Date
Your lab r e p o rtisdue W ednesday/Thursday A p ril11/12 ,in lab.You shouldp lan to m e e tand
sha r e p rogr e sson the r e p o rtwith your lab group p a rtne rsthroughoutthe w e e k.You m ay consult
your p r ofe ssorsfo r guidance on your w ork.
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W a r m up p r oble m sfor Lab 7

E ach ofthe se p r oble m swillbe usedin the wo rk in late r se ctions.Ple ase che ck your solution and
your unde rstanding with your gr oup m e m be rs.

1.W hatisthe r e lationship be tw e e n ln(a)andln(1a)? Illustrate the r e lationship num e rically for
two value sofa.

2 .Ske tch the gr a p h ofy=(12 )
x ,for x >0.Shade in the r e gion unde r the gr a p h.How far to the

rightdo esthe r e gion e xte nd(in p rincip le )?

3.Give a for m ula fo r the antide rivative
R
(12 )

x dx .(Use the naturalloga rithm function in your
e xp r e ssion,rathe r than a de cim alap p r oxim ation.)

4.For x >1,which islarge r : (12 )
x or (12 )

x 2 ? E xp lain why you ar e sur e ; you can give an alge br aic
or a ge o m e tric a rgum e nt.
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