
Math 110 Fall2 000Class33: Monday N ove m be r 13

Lim itsatIn n̄ity andHorizontalA sym p totes
W e have le arnedhow to a p p ly our ability to di®e re ntiate functionsin orde r to n̄dinte rvals
on w hich functionsa re incre asing anddecre asing,asw ellasclassify localm axim a andm inim a,
dete rm ine concavity and n̄drootsofthe function.T hisisA LMO ST e nough to sketch a gra p h
by handfor m ostfunctions.T he lastp ie ce w e ne edisthe ability to de alwith ho rizontaland
ve rticalasym p totes.

Conside r the function f(x )=
4x 2

x 2 + 1
on the in n̄ite inte rval(¡1 ;+1).

Let'ssketch itbelow :

x ¡1 Ã -1000 -100 -10 -1 0 1 10 100 1000 ! +1
f(x ) 3.9999 96 3.999 6 3.96 2 0 2 3.96 3.999 6 3.99999 6

T histable suggestthatthe value off(x )ap p roachesthe value of asx incre aseswithout
bound(w e say x ! 1)
The function f(x )ap p ro achesthe value of asx decreaseswithoutbound.
Mathe m atically,w e can w rite these se nte ncesas:

lim
x ! 1 f(x )= 4and lim

x ! ¡1
f(x )= 4

Thusthe function f(x )hashorizontalasym p totesaty= 4.
HorizontalA sym p tote
T he line y= L isa horizontalasym p tote ofthe gra p h f(x )if lim

x ! ¡1
o r lim x ! 1 f(x )= L

Conside ring thisde n̄ition a function can have A T MO ST horizontalasym p totes.
Som e R ulesInvolving Lim itsatIn n̄ity
If lim

x ! 1 f(x )= F and lim
x ! ¡1

g(x )= G the n
1.lim

x ! 1 [f(x )+ g(x )]= F + G
2 . lim

x ! 1 [f(x )¢g(x )]= F ¢G
3.Ifrisa p ositive r e alnum be r andc isany re alnum be r,lim

x ! 1
c
x r = 0

E xe rcise
1.lim

x ! 1 7 ¡
1p
x
=

2 .lim
x ! 1

x + 300000
x ¡ 1 =

3. lim
x ! ¡1

x + 300000
x ¡ 1 =



E xam p le s
E valuate the following lim itsandcom p a r e the r e sults.N otice a p atte rn?

4.lim
x ! 1

3x ¡ 5
4x 2 + 1

5.lim
x ! 1

3 x 2 ¡ 5
4x 2 + 1

6 .lim
x ! 1

3 x 3 ¡ 5
4x 2 + 1

E xe rcise
7 .Conside r the function g(x )=

2 x ¡ 4p
x 2 + 1

.

Q : How m any horizontalasym p totesdo esithave ?

A : E valuate lim
x ! ¡1

2 x ¡ 4p
x 2 + 1

andlim
x ! 1

2 x ¡ 4p
x 2 + 1

In n̄ite Lim itsInvolving Trigonom etric Functions
Conside r the following lim its
8. lim

x ! ¡1
sin(x )

9. lim
x ! ¡1

sin(x )
x

Practice,Practice,Practice
10 (a)lim

x ! 1
x

x 2 ¡ 1=

10 (b)lim
x ! 1

5x 2 + 3
x ¡ 1 =

10 (c)lim
x ! 1

2 x
x ¡ 1+

3 x
x + 1

=

10 (d)lim
x ! 1 x cos

µ1
x

¶

10 (e)lim
x ! 1

xp
x 2 ¡ x



L'Hôp ital'sR ule
Ifthe lim iton the lefthasan indete rm inate for m (i.e.0

0,
§1
§1 o r §1 ¢0)the n itise q ualto the

lim iton the right(ifthislim ite xists)

lim
x ! b

f(x )
g(x )

=
lim
x ! b

f0(x )

lim
x ! b

g0(x )

B y using thisnew rule w e can n̄dthe lim itsofa w hole bunch ofne w functions,andw e have an
e asie r w ay to n̄dhorizontalasym p totes:
E xam p le s
Take the following lim itsby r̄stide ntifying w hich indete rm inate for m the y take andthe n a p p ly
L'Hop ital'sR ule.

1.lim
x ! 1

5+ 5x
3 x ¡ 2

2 . lim
x ! ¡1

5+ 5x
3x ¡ 2

3.lim
x ! 1

(x ¡ 1)3ln(x ¡ 1)

4.lim
x ! 0

cos(x )¡ 1+ 1
2 x

2

sin(x )¡ x



Lim itsofFunctionsatUnde n̄edx -value s
Ifa function f(x )isde n̄edfo r allp ointsne a r an x -value a,butisunde n̄edataitself,w e can
ask ourselvesw hatthe lim itofthe function isasx a p p roachesafrom eithe r valuessm alle r than
ao r gr e ate r than ao r both,i.e.lim x ! a¡f(x )O R lim x ! a+ f(x )O R lim x ! af(x )is+1 o r ¡1
N O T E : Justbe cause the function isunde n̄edatadoesnotm e an the lim itswillbe unde n̄ed.

V e rticalA sym p totes
A function f(x )hasa ve rticalasym p tote at x = aif any of the thre e lim its lim

x ! a¡
f(x )O R

lim
x ! a+

f(x )or lim
x ! a

f(x )is+1 o r ¡1
E xam p le s:
For e ach ofthe functionsbelow,dete rm ine for w hich x valuesthe function isunde n̄edandthus
n̄doutifthe function hasany ve rticalasym p totesatthese p ointsby taking the lim itofthe
function atthisp oint(or p oints).
(Ifyou have e xtra tim e,you should n̄dthe ho rizontalasym p totesto o.)

5.f(x )=
sin(x )

x

6 .g(x )=
x 2 ¡4
x ¡ 2

7 .k(x )= tan(x )

8.m(x )=
1

3x ¡ 2

9.n(x )=
5+ 5x
3x ¡ 2

10.p(x )=
(3x + 2 )(x ¡ 7 )
(x + 1)(4x + 3)

11.l(x )= e
1
x


