
Math 110 Class32 : Friday N ove m be r 10 Fall2 000

R ate E q uations: E q uilibrium andIn°e ction V alue s

R e callthatin the r̄stunitofthe course w e studiedinitialvalue p roble m sconsisting of
a r ate e q uation andan initialvalue.W e a r e now going to use w hatw e have le a rnedabout
r̄standse condde rivativesto n̄dim p ortantp r op e rtiesofsolutionsfor rate e q uationsof
the for m

y0(t)= F [y(t)]; ofte n w ritte n sim p ly asy0= F (y):

E xam ple

y0= y¢(1¡ y)

1.For the e xa m p le above,state w hatF (y)is.

W e willassum e thatinitialvalue p r oble m sfor the r ate e q uationsw e e xa m ine have UN IQ UE
solutions.(Thiscan be show n for the e xa m p lesabove.)Thism e ansthatone andonly one
solution gr a p h can p assthrough any give n p oint(t0;y0)in the (t;y)p lane .

2 .W ith thisassum p tion,can any solution ofy0= F (y)thatisN O T a constantfunction
have a localm axim um or m inim um value ? E xp lain.

3.Ify0= F (y),a value y¤ofyfor w hich F (y¤)= 0issaidto be an e q uilibrium value.
Ify¤isan e q uilibrium value for y0= F (y),the n y(t)= y¤isa constantsolution of
the r ate e q uation.W hy?

4.Findthe e q uilibrium valuesfor y0= y¢(1¡ y).

R e m e m be r thaty0(t)r e fe rsto the r̄stde rivative of a function y(t)satisfying the r ate
e q uation.Since the rate e q uation give usa form ula for y0(t)(itte r m sofy(t)),we can use
itto n̄da form ula for y00(t)(again,in te rm sofy(t)):

E xam ple :
y0(t)= y(t)(1¡ y(t))

=) y00(t)= y0(t)(1¡ y(t))+ y(t)¢(¡y0(t))= y0(t)(1¡ 2y(t))= y(t)(1¡ y(t))(1¡ 2y(t)),
since y0(t)= y(t)(1¡ y(t)).
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i.e.y0= y¢(1¡ y) =) y00= y¢(1¡ y)¢(1¡ 2y)

5.Com p lete the following table for thise xa m p le :

y sign ofy0 incr e asing/decre asing sign ofy00 concavity

y>1 { decr e asing + concave up

y= 1

0:5< y< 1

y= 0:5

0< y< 0:5

y= 0

y< 0

6 .Use the r esultsin your table to sketch solutionsto thisrate e q uation. B e sur e to
include an initialvalue for e ach case ofyvaluesin the table.

7 .Ify0= F (y),a value ŷiscalledan in°e ction value for y0= F (y)ifa solution y(t)
hasan in°e ction p ointwhe n itp assesthrough the y-value ŷ.Findthe in°e ction values
for y0= y¢(1¡ y).How do you know thatthese a r e in°e ction values?


