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Finding R ootsandN e wton'sMethod

Finding R oots

W e have se e n thatdete r m ining valuesc w he r e f0(c)= 0 ar e im p ortantin n̄ding local
m axim a andm inim a for f.Such a value isa criticalpointfor fbuta rootfor g= f0.

De n̄ition: T he value risa r o otofthe function gifg(r)= 0.

The r e a r e m any waysto n̄dthe ro otsofa function.O ne ap p roach w hich som etim esworks
isto factor ginto factorswith know n ro ots.In othe r casesyou m ay have sp e cialknowledge
ofthe function w hich you can use.

E xam ples

1.Findthe ro otsofthe function g(x )= (x ¡ 3)4(x + 2 ).

2 .Findthe ro otsofthe function g(x )= x ln(x ).

3.Findthe ro otsofthe function g(x )= sin(2 x ).
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N e wton'sMethod

N e wton'sMethodisa Calculus-basedm ethodfor a p p roxim ating roots. In fact,it
de rivesfrom the Microscop e A p p r oxim ation,

¢ y¼ g0(a)¢ x :

To use thism ethodto ap p roxim ate a r o otrfor a function g you ne edse ve r althings:

i) an initialguessx 0 su± cie ntly close to the ro otr,

ii)g0(r)6= 0 on an inte rvala< x < bcontaining x 0 andr,

ii)g,g0,andg00continuouson an inte rvala< x < bcontaining x 0 andr.

Pr ovidedthe se conditionsar e satis̄ ed,N e wton'sMethodisguaranteedto con-
ve rge to the r o otr.

T he big q ue stion,howe ve r,is\HO W CLO SE MUST x 0 B E T O r?" W hile ce rtain
for m ulasinvolving the se condde rivative can be give n to addressthisq uestion,in p ractice
you sim p ly run N e wton'sMethodfor a num be r ofite r ationsto dete r m ine w hethe r itis
conve rging to the r o otyou want. If you n̄ditisnotdoing so,p ick anothe r value for
x 0.In lab thisw e e k you willse e e xa m p lesofhow N e wton'sMethodbe haveswhe n x 0 is
su±cie ntly close to r,asw ellaswhatcan ha p p e n w he n x 0 isto fa r from r.

De riving N e wton'sMethodfrom the Microscop e A p p r oxim ation

Sup p ose w e have obtainedour nth ap p r oxim ation x n for the ro otrofg,andwe want
to n̄da bette r a p p r oxim ation x n+1.Ide ally,w e wouldlike to know

¢ x = r¡ x n:

Ifwe kne w thise xactly,the n w e could n̄dthe r o otr asr= x n + ¢ x .

Since w e don'tknow ¢ x e xactly,w e willap p e alto the Microscop e A p p roxim ation
basedatour cur r e ntguessx n :

¢ y¼ g0(x n)¢ x =) ¢ x ¼ ¢ y
g0(x n)

:

T hisap p r oxim ation isvalidp rovidedg0(x n)6= 0. B utthiswillbe true,p r ovidedx n is
su±cie ntly close to r,be cause w e know thatg0(r)6= 0 andthatg0iscontinuouson an op e n
inte rvala< r< bcontaining r.
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A lthough w e don'tknow ¢ x e xactly,w e do know ¢ y e xactly! T hisisbe cause w e
know g(x n)andwe also know thatg(r)= 0,so

¢ y= g(r)¡ g(x n)= 0¡ g(x n)= ¡g(x n):

T he r e for e,

¢ x ¼ ¢ y
g0(x n)

= ¡ g(x n)
g0(x n)

andwe choose our ne xtap p r oxim ation x n+1 as

x n+1= x n ¡ g(x n)=g0(x n):

Togethe r with an initialguess x 0,thisr e cursion de n̄esN e wton'sMethod. Unde r the
conditionslistedabove,w e a r e gua r ante edthat

lim
n! 1

x n = r:

E xam ple

4.Letg(x )= x 2 ¡ 2 .Con r̄ m thatg,g0,andg00a r e continuous(e ve ryw he r e ),andthat
g(x )6= 0 on an inte rvalcontaining the ro otr=

p
2 andthe initialguessx 0 = 1.Use

thre e ite r ationsofN e wton'sMethodto ap p roxim ate the ro otr=
p
2 .For gr e atest

accur acy,r e cordyour r esultsasfractionsor use the m e m o ry r e giste rson you calculator
to store inte rm ediate r esults. Com p a r e thiswith the value for

p
2 give n by your

calculator.

n x n ¢ x ¼ ¡g(x n)=g0(x n)
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