
Math 110 Class2 2 : W ednesday O ctobe r 18 Fall2 000

The Chain R ule andA p p lications

Com p osition ofFunctions

DEFIN ITIO N : Sup p ose y = f(x )andz = g(y)ar e two r e al-valuedfunctions. If the
inte rse ction ofthe R ange off andthe Dom ain ofgisnote m p ty,isnote m p ty,the n the
com p osition g±f ofg with fisde n̄edas

z= (g±f)(x )= g(f(x )):

T he dom ain ofg±fconsistsofthose valuesof x for w hich y= f(x )isin dom ain ofg.

E xam ple

1.Lety= f(x )= e x andz= g(y)= ln(y).Findthe natur aldom ainsoffandg.Find
the for m ula for z= g(f(x ))anditsnaturaldom ain.Findthe for m ula for w = f(g(y))
anditsnaturaldom ain.

2 .The following function can be thoughtofasthe com p osition oftwo othe r functions,
fandg.Ide ntify these othe r functions.

h(x )= cos(2 x )
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Di®e r e ntiating C om p ositions: The C hain R ule

R ecollection

R e callthatby Taylor'sThe or e m ,iffisdi®e r e ntiable ata,the n

f(x )= f(a)+ f0(a)(x ¡a)+ E (x ):

3.W hata r e the valuesofthe following lim its?

lim
x ! a

E (x )= lim
x ! a

E (x )
x ¡a

=

A n Idea

Sup p ose you know the de rivative ofy= f(x )at x = aandthe de rivative ofz= g(y)
aty= f(a).The following line of r e asoning suggestshow w e can n̄dthe de rivative of
z= g(f(x ))atx = a,ifthise xists.

O n the tange ntline to the gr a p h offat(a;f(a)): dy= f0(a)dx

O n the tange ntline to the gr a p h ofg at(f(a);g(f(a))): dz= g0(f(a))dy

Ifw e setthe outp utdyon the tange ntline for fe q ualto the inp utdyon the tange nt
line for g,the n

dz= g0(f(a))f0(a)dx :

T hisre asoning SUGGE ST S thatthe de rivative ofz= g(f(x ))atx = aisg0(f(a))f0(a).

R e m a rk: W hy do esthisr e asoning only sugge standnotp r ove thisr esult?
a) W e don'tknow for sur e thata tange ntline to the gra p h ofg±f e xistsatthe p oint

(a;g(f(a)),and
b) e ve n ifthistange ntline doese xist,we don'tknow ifdzanddx cor r e sp ondto incre-

m e ntson thistange ntline.
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THE O R EM: (Chain R ule)
Sup p ose y= f(x )isdi®e r e ntiable atx = aandz= g(y)isdi®e re ntiable aty= f(a).
The n the com p osition z= (g±f)(x )isdi®e r e ntiable atx = a,and

(g±f)0(a)= g0(f(a))f0(a):

Proof: B y Taylor'sThe or e m ,

y= f(x )= f(a)+ f0(a)(x ¡a)+ E f(x ); for x ne a r a,and
z= g(y)= g(f(a))+ g0(f(a))¢(y¡ f(a))+ E g(y); for yne a r f(a);

T he r e for e,

(g±f)0(a)= lim
x ! a

g(f(x ))¡ g(f(a))
x ¡a

= lim
x ! a

g(y)¡ g(f(a))
x ¡a

= lim
x ! a

g(f(a))+ g0(f(a))¢(y¡ f(a))+ E g(y)¡ g(f(a))
x ¡a

= lim
x ! a

g0(f(a))¢(y¡ f(a))+ E g(y)
x ¡a

= lim
x ! a

g0(f(a))¢(f(x )¡ f(a))+ E g(f(x ))
x ¡a

= lim
x ! a

g0(f(a))¢
³
f0(a)(x ¡a)+ E f(x )

´
+ E g(f(x ))

x ¡a

= lim
x ! a

³
g0(f(a))f0(a)+ g0(f(a))¢E f(x )

x ¡a
+

E g(f(x ))
x ¡a

´

= g0(f(a))f0(a)+ g0(f(a))¢lim
x ! a

E f(x )
x ¡a

+ lim
x ! a

E g(f(x ))
x ¡a

= g0(f(a))f0(a)+ lim
x ! a

E g(f(x ))
x ¡a

:

N ow

E g(f(x ))
x ¡a

=

( 0 ; iff(x )= f(a),
E g(f(x ))

f(x )¡ f(a)
¢f(x )¡ f(a)

x ¡a
; iff(x )6= f(a).

The r e for e,

lim
x ! a

E g(f(x ))
x ¡a

=

( 0 ; iff(x )= f(a),

lim
x ! a

E g(f(x ))
f(x )¡ f(a)

¢lim
x ! a

f(x )¡ f(a)
x ¡a

; iff(x )6= f(a):

B utiff(x )6= f(a),the n lim
x ! a

E g(f(x ))
f(x )¡ f(a)

¢lim
x ! a

f(x )¡ f(a)
x ¡a

= lim
y! f(a)

E g(y)
y¡ f(a)

¢f0(a)= 0;

so in any case,lim
x ! a

E g(f(x ))
x ¡a

= 0.The r e for e,(g±f)0(a)= g0(f(a))f0(a).
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4.Give r e asonsjustifying e ach ste p ofthe p r o ofofthe Chain T he or e m .

Practice with the Chain R ule

5.Findthe de rivative ofthe com p osite function with the for m ula give n be low.E xplicitly
state the functionsm aking up the com position,the n andap p ly the Chain R ule.

z= (g±f)(x )= 36 x

A p p licationsofthe C hain R ule

The De rivative ofthe N aturalLogarithm Function

Ifw e assum e thatln(x )isdi®e r e ntiable for x > 0,the n w e can use the Chain R ule to n̄d
itsform ula :

e ln(x )= x ; x > 0
d
dx

e ln(x )=
d
dx

x

e ln(x )¢ln0(x )= 1
x ¢ln0(x )= 1

ln0(x )=
1
x
; x > 0:

Gene ralizing the Powe r R ule to N egative Intege r Expone nts

W e know thatifn isa p ositive inte ge r,the n d
dx x

n = n ¢x n¡1.B y ap p lying the q uotie nt
rule,we also know thatg(y)= y¡1= 1=yisdi®e r e ntiable for y6= 0 andhasthe de rivative
g0(y)= ¡1=y2.The r e for e,for a p ositive inte ge r n,

x ¡n = (x n)¡1= g(x n); x 6= 0
d
dx

x ¡n =
d
dx

g(x n)= g0(x n)¢n x n¡1

=
¡1
(x n)2

¢n x n¡1= ¡n
x n¡1

x 2 n
= ¡n x ¡n¡1; x 6= 0:

T husthe p ow e r rule a p p liesto x n w hethe r n isa p ositive or ne gative inte ge r.
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Gene ralizing the Powe r R ule to R ationalN onze ro Expone nts

Letp,q be nonze ro inte ge rs.Letg(x )= x 1=q,with the dom ain re strictedto valuesof x
for w hich thisform ula givesa r e alnum be r.Ifwe assum e thatgisdi®e r e ntiable,the n w e
can use the Chain R ule to n̄ditsde rivative.

(g(x ))q = (x 1=q)q = x q=q = x 1= x
d
dx

(g(x ))q =
d
dx

x

q¢(g(x ))q¡1g0(x )= 1

q¢(x 1=q)q¡1g0(x )= 1

q¢(x (q¡1)=q)g0(x )= 1

g0(x )=
1

q¢(x 1¡1=q)=
1
q
¢x 1

q¡1:

Continuing,letf(x )= x p =q = (x p )1=q = g(x p ),with the dom ain r estrictedto valuesof x
for w hich thisfor m ula givesa r e alnum be r.T he n by the Chain R ule,fisdi®e re ntable and

f(x )= g(x p )

f0(x )= g0(x p )¢ d
dx

x p

=
1
q
¢(x p )1q¡1¢p x p ¡1

=
p
q
¢x

p
q¡p+ p¡1

=
p
q
¢x

p
q¡1

T husthe Pow e r R ule a p p liesto x r,whe r e risany nonze r o r ationalnum be r :

d
dx

x r= rx r¡1; r ationalr6= 0;

w he r e the dom ain isr estrictedto valuesof x for w hich thisfor m ula givesa r e alnum be r.

Practice with the Powe r R ule andthe Chain R ule

Findde rivativesofthe following functions:

a)f(x )= x 3=2

b) h(x )= tan(
p
µ)
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O n the Ge om e tric Inte r p r e tation ofthe Chain R ule

T he function h(x )= cos(3x + 7 )isthe com p osition f(g(x )),whe r e f(x )= cos(x )and
g(x )= 3x + 7 .The Chain R ule statesthath0(a)= f0(g(a))g0(a),so in thiscase

h0(x )= ¡sin(3x + 7 )¢3:

T he p urp ose ofthisnote isto e xp lain thisfor m ula geo m etrically.

1.Firstnote thath(x )= cos(3x + 7 )= cos(3(x + 7 =3)),so the gr a p h ofh(x )isjustthe
gra p h ofthe following function shifted7 =3 unitsto the le ft:

c(x )= cos(3x ):

2 .Sup p ose w e w antto n̄dh0(¡2 ),i.e.the slop e ofthe tange ntline to the curve y= h(x )
atx = ¡2 .T he p ointon the gra p h ofy= c(x )thatcor r e sp ondsto (¡2 ;h(¡2 ))is
foundby r̄stadding 7 =3 to x = ¡2 ,the n e valuating c atthatvalue :

¡
¡2 + 7 =3;c(¡2 + 7 =3)

¢
= (1=3;c(1=3)):

3.N ow the q uestion a rises: w hatisthe slop e ofthe tange ntline to y= c(x )atx = 1=3?
In othe r w ords,whatisc0(1=3)? To answ e r thisq uestion,w e willuse the gra p h of
y= cos(x ).The p ointon y= cos(x )thatcor r e sp ondsto (1=3;c(1=3))on y= c(x )is
foundby fristm ultip lying x = 1=3 by 3,the n e valuating cosatthatvalue :

¡
3 ¢1

3
;cos(3 ¢1

3
)
¢
= (1;cos(1)):

T he slop e ofthe line tange ntto y= cos(x )atx = 1ise asy to dete r m ine,since the
de rivative ofcos(x )is¡sin(x ): thisslop e isthus¡sin(1).

4.Howe ve r,in te r m sof changesalong the x ¡axis,cos(x )achie vesitsfunction values
at1/3 ofthe r ate ofcos(3x ).Thisisbe cause the gr a p h ofcos(3x )iscom p r e ssedin
the x -dire ction re lative to the gra p h of cos(x ). To m ake the com p a rison from the
othe r dir e ction,cos(3x )achie vesitsfunction values3 tim e sasq uickly ascos(x ); so,
atcor r e sp onding p oints,the r ate of change ofy= cos(3x )willbe 3 tim esthe r ate
ofchange ofy= cos(x ).Thuswe m ultip ly the value the slop e ofthe tange ntline to
y= cos(x )atx = 1by a factor of3.O ur conclusion is:

h0(¡2 )= 3 ¢(¡sin(1))= ¡3sin(1):

5.N otice thatnone ofthe conclusionsabove de p e ndedsp e cīcally on x = ¡2 ,so w e can
draw the sa m e conclusionsfor x = a:

h0(a)= 3 ¢(¡sin(3(a+ 7 =3)))= ¡3 sin(3a+ 7 ):


