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Di®e r e ntiability andLine ar A p p r oxim ation

You have alr e ady le a rnedthatthe de rivative ofa function fata p ointa,ifite xists,is
the slop e ofthe line tange ntto the gra p h offatthe p oint(a;f(a)).In thisclassyou will
le a rn te r m sthatm athe m aticiansuse to r e fe r to va riousasp e ctsofthisconce p t.You will
also le a rn som e p r op e rtiesofthe e r ro r one incursin using a tange ntline to a p p r oxim ate a
function gr ap h.

Di®e r e ntiability ata Point

A function fissaidto be di®e re ntiable ata pointaifitsde rivative f0(a)e xistsat
thatp oint.

A syou saw in the lastclass,a function fw hich isdi®e re ntiable atahasa line tange ntto
itsgra p h atthe p oint(a;f(a)).

E xam ples

T he function f(x )= x 2 ¡1isdi®e r e ntiable atx = 2 .Itsde rivative the r e isf0(2 )= 4,
andthe line tange ntto itsgra p h atthe p oint(2 ;f(2 ))= (2 ;3)hasthe e q uation
y= 3 + 4¢(x ¡ 2 ).

The function f(x )= 3x 2 isdi®e r e ntiable atx = 1.Itsde rivative the r e isf0(1)= 6 ,
andthe line tange ntto itsgra p h atthe p oint(1;f(1))= (1;3)hasthe e q uation
y= 3 + 6 ¢(x ¡ 1).

1.Com p lete the following state m e nt:

Sup p ose a function fisdi®e re ntiable atx = a.Itsde rivative the r e isf0(a),andthe
line tange ntto itsgra p h atthe p oint(a;f(a))hasthe e q uation:

y=

First-De gr e e Taylor Polynom ial

If a function fisdi®e re ntiable ata pointa,the n its r̄stdegr e e Taylor p olynom ial
e xistsandhasthe for m ula

P 1(x )= f(a)+ f0(a)(x ¡a):

N ote thatthe gr a p h ofP 1(x )isthe line tange ntto the gra p h offatthe p oint(a;f(a)).
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R e m a rk: B e cause the tange ntline isa straightline,itsslop e can be calculatede xactly by
the \rise ove r run" form ula.To avoidconfusion betw e e n di®e re ncesbetw e e n p ointson the
tange ntline anddi®e re ncesbe twe e n p ointson the function gra p h,the di®e re ncesbetw e e n
p ointco ordinateson the tange ntline a r e de noteddx anddyr athe r than ¢ x and¢ y.Thus
one can w rite dy=dx for the slop e ofthe tange ntline,andasyou know

dy
dx

= f0(a):

T husyou willofte n se e the notation dy=dx usedfor the de rivative.(Thisnotation isdue
to Leibniz,a Ge rm an m athe m atician w ho inve ntedCalculusataboutthe sa m e tim e that
N e wton did.)

The Microscop e A p p r oxim ation

Sup p ose fisdi®e re ntiable ata.Let¢ x and¢ ydenote the coordinate di®e re nces
betwe e n the p oint(a;f(a))andanothe r p oint(x ;y)on the gra p h off. Thatis,
¢ x = x ¡aand¢ y= y¡ f(a).The n since the tange ntline a p p r oxim atesthe gr a p h
offne a r (a;f(a)),

¢ y
¢ x

¼ f0(a); or e q uivale ntly, ¢ y¼ f0(a)¢ x :

T hisisre fe r r edto asthe \Microscop e A p p r oxim ation" be cause itr e °e ctswhatone
wouldse e by \zoom ing in" on the gr a p h offaboutthe p oint(a;f(a)).

Tange ntLine A p p r oxim ation

Sup p ose fisdi®e r e ntiable ata.The n for valuesof x ne a r a,the tange ntline ap p rox-
im ation to f(x )is

f(x )¼ f(a)+ f0(a)(x ¡a):

In thisconte xt,the r̄stdegr e e Taylor p olynom ialP 1(x )= f(a)+f0(a)(x ¡a)iscalled
the locallinearization off abouta.N ote thatthe tange ntline a p p r oxim ation and
the Microscop e A p p roxim ation a r e e sse ntially the sa m e thing.

E r r or in the Tange ntLine A p p r oxim ation

Sup p ose fisdi®e re ntiable ata.W e willdenote the e r ro r in the tange ntline a p p roxi-
m ation to fata p ointx ne a r aby

E (x )= f(x )¡
¡
f(a)+ f0(a)(x ¡a)

¢
:
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Exam ple

2 .W rite an e xp r ession for the e r r o r E (x )in the tange ntline a p p roxim ation to the gr a p h
off(x )= x 2 ¡ 1aboutthe p ointa= 2 .

3.W ith your gr a p hing calculator,gra p h E (x ).Use thisgra p h to dete rm ine lim x ! 2 E (x ).

4.W ith your gr a p hing calculator,gra p h E (x )=(x ¡ 2 ).B asedon thisgra p h,dete r m ine
lim x ! 2 E (x )=(x ¡ 2 ).

Taylor'sThe o r e m W ith R e m ainde r

Sup p ose fisdi®e r e ntiable ata.The n

f(x )= f(a)+ f0(a)(x ¡a)+ E (x ); w he r e lim
x ! a

E (x )= 0 andlim
x ! a

E (x )
x ¡a

= 0.


